MaremaTuka — penieHus 11 kJaacc

1. [elicTBUTeIbHBIE YUCIA T, Y, 2 BBIONPAIOTCS TaK, YTO BBIIOJIHSIIOTCS PABEHCTBA: XY + Y2z +

zx =4, xyz = 6. Jokazarb, 9410 npu JIFOOOM TAKOM BBIOOPE 3HAYECHUE BbIPAZKEHUSI

(:py - g(x +y)) (yz _ ;(y 4 z)) (zx - g(z +x))

ABJIdEeTCd OOJHUM U TeM 2Ke YHUCJIOM, U HAaHTH 3TO 9HACJIO.

Omeem. %.

Pewernue. I3 ycioBug ciemyet, 4To x,Yy, 2 — HeHyJIeBble uncia. V13 maHHBIX paBeHCTB

HOJIy 9aeM TY = g ur—+y= 4_% = % — *£. TlozicraB/iss 3T0 B MEPBYIO CKOOKY, 110JIydaeM
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AHaJIOrMIHO €O BTOPO# M TpeTbeil ckoOKo#. B urore jganHoe BbhipakeHue mpeodpasyercs B
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Kpumepuu.

(=) TpaBuabHBLi OTBET HMOTYYeH MyTEM TOJACTAHOBKH B HCKOMOE BBIPAZKeHHe KOHKPETHbBIX
3HAYEHWI X, ¥, 2, VAOBICTBOPAIONINX yca0Bui0. He jokazano, 4To npu JIpyrux 3nade-

HUAX T,Y, 2 OTBeT OyJeT TaKUM JKe.

(+.) Apudnvernueckas onmubKa, AOMYIIEHHAS] B YHCIOBHIX pacdérax (mocje n3baBieHns oT

x,Y, 2), IPU YCJIOBHH, YTO OCTAIbHAS YACTh PElIeHHs BEPHA.

(+) paBuabHbIi OTBET, OJYYeHHBIH BEIYUCIEHIEM, B KOTOPOM BCE MEPEXO/IbI 000CHOBAHBI

U BEPHBI IIPH JIIOOBIX 3HAYEHUAX X, Y, 2, YIOBJIETBOPSIONIUX YCIOBHIO 33 a4H.



2. B crpame Jlummono ecrs derbipe HanmoHadbHbIe Bastors: Oamanbl (B), xokocs (K),
enorsl (€) u gomtapsl ($). Huxke npuBesenbr Kypebl oOMeHa 3THX BATIOT (OAWHAKOBBIE BO

BCeX OOMEHHBIX IIyHKTaXx CTpaHbI)I
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Yucmo Ha cTpesiKe TOKa3bIBAeT, CKOJBKO €/IMHUIL, YKA3aHHBIX B KOHITE CTPEIKHA, MOZKHO MOJTY-
YUTD 33 JMHUILY, YKA3aHHYIO B HadaJje cTpejKi. Hanpumep oHOro eHoTa MOXKHO 0OMEHSTH
Ha 6 GaHaHOB Win HA 11 KOKOCOB, o/iuH joutap Ha 10 KOKOCOB a 0J{uH KOKOC - Ha 1/15 mosuta-
pa. (IIpu perennu 3a1a49u JIOOYIO BATIOTY MOZKHO IPOOHTH Ha CKOJIb YTOJHO MEJIKHE YaCTH:
nanpumep obmersaTs 101/43 enora na 606/43 6anana). Oomensr $= € u $5bB B JInvmono
3allpeIeHbl.

[TepeBo3uTh jpeHbru depes rpanuily JInMmmomno mMoxKHO TOJBKO B moJiapax. [sas Bacs
npuexaJt B Jlummnono, umes mpu cebe 100 gotapoB. OH MOZKET BBIIOJIHATH YKA3aHHBIE BBIIIE
omnepanuu 0OMeHa BAJTIOT HEOTPAHUYEHHOE KOJIUYECTBO pa3, HO He MMEeT HUKAKHX JPYTUX
HCTOYHUKOB 10x04a. Moxker jin oH paszborarers u yBesru u3 JIummono 200 xosiapos? Ecian

J1a, — 00bsiCHUTE, KaK. Ecan HeT, TOKaxKuTe.
Omeem. Moxer.

Pewerue. OT™MeTHM, 9TO B YCJOBUHU 3329l HE CKA3aHO ABHO, TPeOyeTcs JIU IOJYYUTh
e menee 2008, mian posro 200$. Orper noJjoKUTENbHBIH Jid 06X TPAKTOBOK YCJIOBUSI.
XoTs moHATHO, 4TO pemienue g caydas ‘pono 20087 pemraer Tak ke M BTODOW Ciydaii,
MBI IPUBEJEM pa3HbIC PElIeHus I 000X CAydaen, T.K. B paboTax y4aCTHUKOB JOCTATOYHO

YacTO BCTPEYAIUCH 00 TPAKTOBKH.
a) Hyskuo mosyanrs He menee 2008.

Paccvorpum mukn K— £ — B — K. Ecin oOmenuBaTh 1eHBIH IO TAKOMY MUK, TO
KOJIMYECTBO JIeHer yBeanduBaeTcs. /leficTBUTE/IBbHO, ecin ObLI0 M3HAYAJIbHO T KOKOCOB, TO
OHM OOMEHMBAIOTCA Ha {7 €HOTOB, KOTOPBIE B CBOIO OYepeh OOMEHHBAIOTCA Ha ?—f OaHAHOB,

12z 122

KOTOpBIe OOMEHMBAIOTCA Ha —<;° KOKOCOB. Takum 00pa3oM, M3 T KOKOCOB HOJYYaeTCa =i

KOKOCOB.
Crparerns asiamn Bacu Takosa: Buadasie oomensaTs 100 gostapos Ha 1000 kokocoB. 3arem
0OMEHMBATh MX 0 YKA3aHHOMY BBIIIIe IUKJIY, ToKa He rnoaydntcs 6osee 3000 kokocos. /g
. - n
3TOTO IUKJ MPUAETCA TPOUTH N pa3, TjIe N TaKOBO, 9TO (%) > 3. IlockoabKy % > 1, aro
HEPABEHCTBO PABHOCHIBHO HepaBeHCTBY 1 > logiz 3. OdueBuaHO, HATYPAJILHOE 1, VIOBJIETBO-
11

pdIoliee 3TOMY YCJIOBHUIO, CYIIECTBYeT.

HOJ’Iy‘II/IBIHI/IeCH B pe3yJibTaTeé KOKOCbI CJjedyeT OOMEHATL Ha J0JJIapbl, KOTOPbIX IIOJIY-

YUTCd HEe MeHee %(5)0 = 200.

6) Hyzxuo nostyuutsk posao 2008. PaccMoTpuM TOT 2Ke IUKJI, YTO B MyHKTE &), HO Byem
KaxKIbll pa3 3amycKaTh MO OOMEHHOMY ITMKJIY POBHO 11 KOKOCOB, T.e. MPHOBLILHBIN 12-it
KOKOC Oy/ieM KaxK/Iblii pa3 OTKJIaJbiBaTh. 10r/a, CjeaaB n MUKJI0B, Mbl MOYKEM 3apadoTaTh
poBHO N KOKOCOB. Tenepnb crparernst manpuMep takosa: oomennsaem 100$ na 1000 kokocos,
oepém 11 u3 vroit 1000 u mpou3BOAUM N pa3 MUK, B pe3yabrare moaydaem 1000+ n KOKOCOB.
Ecim n = 2000, To B pesyabrare noayaum 3000 KOKOCOB, KOTOpble 0OMeHsieM 00paTHO Ha

2008.



Kpumepuu.

(=/+) Haiinen nuks, KOTOPHIH YBeINIMBAET KANUTATL, U OOjiee He CJeJaHO HUKAKUX 3HAYH-

MBIX ITPOJIBUZKEHHUN.

(+/-) TlpuBenén anropur™, JAOIMUH SKCIOHEHIMATBHBIN POCT KAIUTAIA, OJHAKO HE IIPHBE-
JIeHO JI0KA3aTeJbLCTBO TOrO, YTO 3TOT AJICOPUTM KOIJIA-TH00 JOCTHIHET HY2KHOH CyM-
MBI, WK IIPEBEICHO HeBEePHOe T0KA3aTeILCTBO, HAIIPUMeD, HeOrPAHUICHOCTh KAIUTAIa

"BbIBE/IEHA" U3 €0 BO3PaCTaHuUs.

(+) 3azaua mOJHOCTHIO perieHa. B ciydae MpuBeeHEs AITOPUTMA ¢ JHHEHHBIM TPUPOCTOM

Kanura/jia 000CHOBAHUS TOIO, YTO HYzKHas cymMMma Oy/eT JIOCTUrHyTa, HE Tpedyercs.



3. Hausr mpu Touku A, B, C, obpasytomiue Tpeyroibuuk ¢ yriaavu 30°,45° 105°. Beibupato-
€S JTBE U3 ITUX TOYEK, U MPOBOJUTCS CEPeTUHHBIN TePIeHINKYIADP K OTPE3KY, UX COETUHSIIO-
[IeMY, TI0CJI€ YeT0 TPEThs TOYKA OTPAKAETCS OTHOCUTEIBHO 9TOTO CEPEIMHHOTO TePIeHTHKY-
asgpa. [loaygaem gersépryio Touky D. C momydyuBmuMces HaOOpOM U3 4 TOUeK OCYIIECTBIIs-
€TCsI Ta YKe MPOIEyPa — BHIOUPAIOTCS J[BE TOYKHU, HPOBOJAUTCS CEPEIUHHDBIN EPIEH UK YJISID
U BCE TOYKH OTPAYKAIOTCH OTHOCHTEIHHO Hero. Kakoe HanbosbIiee KOJTHICCTBO PA3AUSHDLT

TOYEK MOYKHO TTOJIYYUTh B PE3YJIbTaTe MHOTOKPATHOTO TOBTOPEHUS STOM TMPOIELY Phi?
Omesem. 12 ToueK.

Pewenue. IIEPBBIN CIIOCOB.

1. [Iycte XY — rpanuiipl orpeska, K KOTOPOMY MBI IIPOBOJIUM CPEIUHHBIA ITepIeHIuKY-
Jasp; Z — TOYKa, KOTOPYIo orpazxkaeM; Z' — obpas Z. Torga rouka Z’ j1ezkuT HA OKPYKHOCTH,
ONMCAHHON OKOJI0 TpeyrojbHuka XY 7. DTO cjienyeT u3 TOrO, 9TO CepeJNHHBIN MepPIeH -
KyJISIp K JTII000i XOp/ie TPOXOUT Yepe3 IEHTP OKPYKHOCTU U, CJIEJI0BATE/IHHO, SBJISETCH €€
ocbio cumMerpun. OTciofa caegayer, 9To BCe HOBbIE HOJIYYAIONAecs TOUYKH OYAYT JeXKaTh Ha,

OJTHOU OKPYZKHOCTH.

2. JokaxkeM, 9TO €CJIH JOCTUTHYTO MAKCHMAJIHHOE KOJHYECTBO TOYEK, TO BCE OHH SIB-
JISTIOTCSl BEPIMMHAMHI IIPABUJILHONO MHOTOYTOJIbHUKA. KaK MOKa3aHO BBINIE, BCe OHU JIEXKAT
Ha OJHON OKPYKHOCTH. BhIOEpeM Kakyio-TO W3 MOJIyUYHBIIHXCS TOYEK, HA30BEM ee IePBOii,
a OCTaJIbHBIE 3aHyMepyeM IPOTUB YacOBOH CTpeJKH. BoiOepem Tpu mocaesoBaTebHbie TOY-
K A;_1,A; m A;y1 1 IpoBeJieM CpeIuHHBIN HmepueHIuKy/asap K orpe3ky A; 1A; 1. Ecan on
He MPOXOIUT depe3 A;, TO NP OTPaykeHUU TOUYKH A; OTHOCHUTEIbHO HErO MOJIYUMIACh OB
emie ojiHa TOYKa Ha jyre A; A;;;, 970 HPOTUBOPEYUT MAKCHUMAJIBHOCTH. JHAYUT A; Jre-
JKUT HA 3TOM CEPEeIMHHOM TMepIeHInKy sipe, a noromy orpesku A;A; 1 m A;A; | paBHbIL.
Takum obpa3oM, Bce TOUYKH 00pa3yoT BIHUCAHHBIA MHOTOYTOJIBHHUK C PABHBIMH CTOPOHAMI,

T.C. HpaBHﬂbeIﬁ MHOI'OYT'OJIbHHUK.

3. JlokaxkeM, 4TO I'pajiycHas Mepa JIYTU MeK/y JABYMs COCETHUMH TOYKAMU HEe MOYKET
obITH MeHbITe 30°. [IycTh oTpazkaeM TOUKY Z OTHOCUTENIBHO CPEJUMHHOTO MePIeHIUKYIsIpa K
XY, roukn Z u X J1€:KaT B ONHOMN MOJYILIOCKOCTH OTHOCUTEIBLHO MepIeHInKyIsapa, a odbpas
Z upu orpazkeHun — Touka Z' (cm. pucynok Huzke). Torga nyra Z'Y pasna ayre ZX. [ycrs
jasiee T — npousBosibHAs TOYKa Ha OKpyKHOCTH. Torma aast ayru T 7' umeer mecto paBeH-
crBo TZ'= £ TY + XZ (3unaku BHIOHpAIOTCA B 3aBHCHMOCTH OT DACIIOJOZKEHHS TOUYCK I
crocoba U3MepeHust JyT, Ha PUCYHKe HUZKe DACCMOTDPEH OuH u3 ciaydaes).Torma rpajiycaas
Besinunba ayru 1'Z' kparna nanbosbiemy odmemy geaureaio nyr 1Y u X Z, r.e. HOJI rpa-
JIYCHBIX BeJIMYUH BCeX JIYT TPU TaKOil ONepalui OCTaeTcs Hen3MeHHBbIM. V3HadanbHO TOYKNM
A, B, C' pa3buBaloT OKpYyKHOCTb Ha JIyT'H, IPayCHbIe Mephl KOTOPHIX paBHBI 60°, 90°, 210°.
CooctBercTBeHHO, HANOO BTN 00MHit AeuTe b paBer 30°, a 3HAYUT TPAYCHBIE Mep BCEX

noJry4aeMbix Jayr OyayT kparuabl 30° u He cMoryT ObITH MenbIe 30°.



4. Bysem Ternepb BBINOJHATH YKa3aHHYIO B 3ajla9e ONepaluio J0 TeX 1Oop, MOKa MOYXKHO T0-
JIYIUTH XOTd ObI OJTHY HOBYIO TOUKY. 13 MOKa3aHHOrO BHIMIE 1.3 CJIeIyeT, YTO ITO He MOYKeT
MPOJIOIKATHCS OECKOHEYHO: BCe JIYIU € KOHIIAMHU B TMOJIYYAIOMHUXCA TOYKAX KpaTHb 30°,
o3TOMY 00IIIee KOJMYECTBO TO4YeK Oyier He Oosibiie 12. B 1o ke BpeMs u3 1.2 cjejyer,
4TO KOrja Oy/eT JIOCTHTHYT MAaKCHUMyM, TOYKHA OYyayT 0Opa30BLIBATH MPaBUILHBINT MHOTO-
VTOJbHUK, TIPUYEM BeJTUIUHA JIYTU MKy COCeTHHMU ero BepIIMHAMU Oy/eT HAumOOJIBIITIM

OOIIIM [TeJIUTeIeM BCeX OCTAJIbHBIX IyT, T.e. Oymer paBHa 30°. A 3Ha4YMT TOUeK OyIeT POBHO
360/30 = 12.

BTOPOI1 CIIOCOB

Toukw, mosrydaromimecss B pe3yJbTare OTpazkeHui, a Tak ke touku A, B, C, nanable u3-
HaYaJIbHO, OYIeM HA3bIBATH OTMEYCHHBIMH.

Pacemorpum mpaBmibHbIil 12-yroasauk AjAs ... Ao, Y1utel Tpeyronbanka A; Az Ag pas-
ubel 30°, 45°, 105°, T.e. MOXKHO CYATATH, UTO H3HAYAILHO OTMedeHbl TOUKU Ay, A3, Ag. oka-
JKEM, 9TO BCE€ OTMEUYEHHbIEe TOYKHU OYyT BEpIIMHAME JAHHOIO 12-yrojabHuka. JlokasbiBaem
UHAYKIHEH 10 KoJm4decTBY oTpakenuil. 3nadanbno 3ro Bepuo. llycth 310 BepHO mOCTE
n — 1 orpaxkennii. Torma orpakeHue ¢ HOMEPOM 7. BBIIIOJTHSIETCA OTHOCUTEIBHO CePeInHHOTIO
HepIeHIUKyIApa K KaKoMy-To u3 oTpe3koB A;A;. Ho moboil Takolt cepeIUHHBIN IepIeH-
JIUKYISD ABISIETCS OChI0 CUMMETPUHU 12-YyTOJIbHUKA, W 3HAYUT BCE er0 BEPIINHBI mepeiiayT
CHOBa, B BepIIuHbBL. T.e. HOBbIe OTMEYEHHbIE TOUYKHM CHOBA OyyT BEepIIMHAMH MHOTOYIOJIbHU-

Ka. Y TBepzXK/JeHue JT0Ka3aHO.

Nrak, HUKAKUX APYrUX OTMEYEHHBIX TOYEK KpoMme Bepiiun 12-ronbauka He Oyaer. Ternepnb
MOKAYKeM, 9TO BCe 12 BepIUH MOYKHO CJIeJJaTh OTMEYEHHBIMH. JTO MOXKHO CJIeJIATh PA3HBIMHI

crrocobaMu.

Bynem ncnonpszosars 3anucek (A;A;) — Ag, A, ..., KOTOpas 03HAYAET, YTO B PE3Y/IbTATE
OTpasKeHUsl OTHOCHTEIbHO CEPEJINHHOIO HepleHIuKy/Ispa K orpe3y A;A; mosBarcs HOBble
oTMeueHHBIe TOUuKu Ay, A;...

NsnaganpHo orMmedeHsl A, As, Ag.
(AlAﬁ) — A4

(A1A43) — Ajg, Aro

(A1A4) — Ao, As, A, Ar

(A6A7) — Ag, Ag.

Tenepb ormedenbr Bce 12 Bepiiut.



Kpumepuu. B moJHOM perrieHnn T0JKHBI OBITH SIBHO HPOMUCAHBI Be dacTu: 1) joka3a-

TEJILCTBO TOTrO, 94TO Gosibiie 12 TOYeK MOMYYHTHh HEBO3MOXKHO, U 2) JOKA3aTeahCTBO TOTO,

9TO POBHO 12 TOYEK MOXKHO HOJYUUTh.

Ecyim mpucyTcTByeT TOJIBKO OJWH W3 ITUX JIBYX NMYHKTOB, PEIIEHUE ONEHUBACTCH KaK

HeIroJaoe.

)

HpaBI/IJIbeIﬁ OTBET, HOﬂyquHbIﬁ C TOMOIIBIO HEBEPHBIX UJIN HUKAK HE 000CHOBAHHBIX

neiicrBuil (Hampumep jestenne yria 360° Ha HAMMEHBIIUH YIOJI TPEYrOJbHUKA).

Pasywmubie paccyxkienusd B pemtenun. Hanpumep: yrBep:KaaeTcs, 9T0 MaKCUMYyM J0-

CTHUTaeTCs, KOTJIa TOYKH 00Pa3yIOT TPABUIBHBIN MHOTOYTOJIHHUK.
JlokazaHo, 4TO BCE TOYKH JIEXKAT HA OHOI OKPYZKHOCTH.

nocrpoed npumMep (ambo 3ajaHa MOCJEJAOBATEBHOCTD OTPAZKEHHH, JIMOO HAPUCOBAH
12-yroJibHUK W MOKA3aHO PACIOJIOXKEHHE U3HAYAJIBHOI'0 TPEYrOJIbHUKA + 00bICHEHO,
KaK MOJIY9IUTh COCEJTHUE TOOYKH),

IOCTPOEH IIPUMeED -+ eCTh TOKa3aTe/ThCTBO MAKCUMAJIBHOCTH ¢ CEPbEe3HBIMI HeT0UYeTaMu
UAU

ecTh YuCcTOe (MM ¢ He3HAUTEIbHBIMH HEIOYeTaMt) JOKAa3aTeIbCTBO MAKCUMAJIbHOCTH,
HO HE TIOCTPOEH TIpUMep.

Meakue He,ZLOLIéTbI IIpu B OeJIOM IIPpaBUJIbHOM PEHICHUMH.

[IpaBuabHOe perrerue 6e3 HEJTOUETOB, coiepKallee OTBET U Bce HEOOXOTUMBIE IMaru

JAO0Ka3aTeJIbCTBA.



4. Tlpuseure npumep byuxmuu f(x), 1751 KOTOPOR BBIIOJIHSIOTCS BCE TPH HePEUNCIeHHBIX

HEZKE YCJIOBHSL:
e obGacTh onpenesnennst GyHKIEH f(T) — MHOKECTBO BCEX JIeHCTBUTENIbHBIX dnucena R,
e 1pu Ji1060M b € R ypasuenue f(x) = b umeer poBHO OJHO pelieHUE,

e npu Jsobom a > 0 u mobom b € R ypasuenue f(r) = ax + b umeer He MeHee JIBYX

pemenuii.

1z, x#0;
0, xz =0.

Omeem. f(x) =

Samedanue: 3TO MPOCTEHIHIT TpUMep, HO BO3MOYKHBI U Ipyrue OTBeThl. B paborax ygact-
HUKOB OJIMMIINAIbI BCTPEYAIUCH JIOBOJILHO CJI0KHBIE IPUMEPBI HEIIPEePBIBHBIX (DYHKIIHH, Y10~

BJICTBOPAIOIIUX BCEM YCJIOBUAM 3aJa4H.

Pewenue. IIpoBepumM BbINIOJIHEHUE YCJIOBUA.

e [Ipgamo u3 onpenesenus ciaenyer, 9To HYHKIU onpejiesera npu Becex © € R.

e Ecmu b # 0, ro upn = # 0 ypasnenne f(x) = b umeer eaMHCTBEHHOE peulenue T = ;,

a x = 0 penrenuem He gpjgercd. T.e. UMeeM POBHO OJIHO PeIleHUe.

Ecau b = 0, o npu x # 0 ypasuenne f(z) = 0 He umeer perrennii, a x = 0 perneHnem

apJsiercd. T.e. B 3ToM CJIy4dae TOzKE€ POBHO OJHO DEIICHHE.

e Eciau a > 0, o ypaBrenne f(x) = ax + b umeer Japa HeHyJIeBHX perieHus. [leficTBu-
TeJIbHO, ipu & # () ypaBHEHWE 3aMUIIeTCs B BUJIE % =ar+b& ar’+br—1=0.
JIMCKPIMHHAHT 3[1€Ch CTPOrO MOJIOKHUTEIEH, IIO9TOMY YpPaBHEHHE UMEeEeT IBa KOPHS, U
onn 0b6a He paBHBI 0, T.e. 00a SABISIOTCA KOPHIMH HCXOTHOrO ypaBHeHHd. 11ocKOIbKY
HEHYJIEBBIX DeIleHHi POBHO JiBa, TO Bcero permenuii He menee jByX. (Ormernm, 9ro

upu b = 0 ypaBHeHHe WMeeT TP perienust, T.K. £ = () TayKKe sIBJIAETCS PeleHneM. )

1z, x#0;

Kpumepuu. «CrangapTabiM npuMepoM» HasbiBaeM dyHKImo f(zr) =
0, x=0.

(=) HemepHbiii oTBeT WM OTCYTCTBHE OTBETA.

(=) B kauectBe orBera npusenena byuknus f(r) = 1/x 6e3 goonpenenenns B HyJie UK C
HEIPABUIBHBIM JI0OTIpeiesleHneM, 1 6e3 J0Ka3aTeabcTBa TOro, 4TO ypaBHeHue 1/z =

ar + b upu a > 0 umeer aBa peHICHUS.
(=/+) Crangaprbiii npuMep (uau MOXoXKuii) 3a1an rpaduKOM, ¢ ABHO J0OABIEHHON H30/1H-
POBAHHOM TOYKOM, CHUMBOJIM3UPYIOINIEil 3HaYeHue B HyJie, HO 6e3 dopmy,
uAU
npusegn orBer f(x) = 1/x Ge3 mooupeseneHus B HyJle, HO C JIOKA3ATeJIbCTBOM TOTO,

9T0 ypasHenue 1/x = ax + b npu a > 0 uMeer JBa pelieHusl.

(+/2) Tocrpoen npaBusbHbil npuMep (HOPMYIIONR WK ATTOPUTMOM TMOCTPOeHHsI) 6e3 060c-
HOBaHHs WK ¢ HEBEPHBIM 0GOCHOBAHUEM (HAIIPUMED, OGOCHOBAHUE KAZKIOTO CBOMCTBA

3aMeHEHO ero nepedopMyJIHPOBKOIA).



(+/-)

(+)

[IpaBUabHBIH pUMEP ¢ YETKUM U HOJHBLIM 0DOCHOBAHUEM BTOPOI'O CBOMCTBa, HO 6e3

IPpaBUJIBHOT'O 000CHOBAHNSA TpeTbhbero CBOIICTBA.
usLU

ObocHOoBaHMe TPETHETO CBONCTBA OMUPAETCS HA CTPOrO HEe 0OOCHOBAHHOE YTBEPIK IEHHE,
4TO rpaduK JUHEHHONR (DYHKIIUK C IOJOXKUTETbHBIM YIJIOBBIM KOI(DMUITHEHTOM HMEeT
nepecedenue ¢ rpadgukoM 1/r Kak B MepBoil, TAK U B TpeTheil YeTBepTH (€T eCTh
000CHOBAHKE CO CCBLIKOI Ha HEIPEPBIBHOCTH U TEOPEMY O IPOMEXKYTOYHOM 3HAUCHH,

TO 3TO dBJIACTCA CTPOruM JOKa3aTE€JILCTBOM M OICHHUBaETCA BBIH_IG).
usLU

Nmeercst maoro (GosibIiie IBYX) MeJIKUX AeEeKTOB, THIIA TEX, YTO IePEIUCIEHbl B KPH-

Tepun st (+.).

[Ipumep crpourcs B BHjE KyCOUYHO-JUHENHHON (pyHKIMHN; 000CHOBAHUE OCHOBLIBACTCH
HAa TOM, YTO OTPE30K WJIH JIOMaHHas, COeNWHSIONAs Be TOYKH, JIerKallue Mo pas-
Hble CTOPOHBI OT IPSAMOI, MepeceKaer Ty MPAMYIO (JI0KA3aTelbCTBO ITOrO (hbakTa He
TpebyeTcs); HO 3T0 0OOCHOBAHUE COJIEPIKUT HE3HAUUTEbHBIE TTPOGeIbl (HAIIPUMED, OT-
CYTCTBYET aKKypaTHOe O0bSICHEHHE TOTO, YTO MOCTPOCHHAS JOMAHHASA YXOIUT Ha Oec-

KOHEYHOCTh KaK 10 T, TaK W 110 ¥ ).
UAU

[IpeabsaBien cTaHAapTHBINA IPUMEDP, HO B JIOKA3aTEILCTBE UMeeTcsd He Hojiee IBYX MeJi-

KUX J1eeKTOB, K TPUMEpPY TaKUX:

1. NmeeTca HeBepHOE yTBEpXKAeHNE, OT KOTOPOTO PelleHne B JeiCTBUTETLHOCTU He
3aBUCHT (TO €CTh MOYKHO BBIYEPKHYTh HECKOJIBKO CTPOK, COJEPKANIUX HEBEPHOE

VYTIBEPKIACHNE, U OCTaHETCA IIPpaBUJILHOEC U IIOJIHOEe ,ZLOKaSaTeJIbCTBO).

2. Her mosmoro 060CcHOBaHHS TOTO, UTO mpH Jt06oM b ypasuenue f(x) = b umeer
eJIMHCTBEHHOE perenne (HanmpuMep, 060CHOBaHUe MOIMEHEHO HepedOopMyTHpPOB-
KOit Tumna "MyHKIUS 33/1aeT B3aNMHO-OIHO3HaYHOe oToOparkenne R Ha ceds” wian
"rpacduk HyHKIUE UMeeT eUHCTBEHHYIO TOUKY IepecevdeHns ¢ KayK10i ropu30H-

TAJBHON TPAMOiA”).

3. Ilpu noKa3aTeIbCTBE TPETHETO YCJIOBUS JTOKA3aHO, YTO JTHCKPUMHUHAHT IIOJIYYa-
IOIIErOCst KBA/PATHOIO YPABHEHHsI IIOJIOKUTEJICH, HO He O0bsICHEHO, YTO KOPHH
ero HeHnyJieBble, U T€M CaMbIM ,ZLefICTBI/ITeJIbHO Aal0T ABa pelIeHnd ypaBHEHUA
1/x = ax +b.

[IpeabgaBien npaBuIbHBIN TpuMep (OYHKIUU € TOJHBIM JOKA3ATEIHCTBOM BBIITOTHEHUS

BCeX Tpex YCJOBHUM.



5. Ob6oznaunm uepe3 T), mpousBeJieHne MEPBLIX k HEUETHBIX HPOCTHIX uncea: 17 = 3, Ty =
3-5, Tg =3-5-7-11-13-17 u t.1. Jlng KaxK10r0 HATYPAJBHOTO k HAWTH KOJUYECTBO HATY-
PAJBHBIX IHCET N TAKUX, 9TO 9ACTI0 n? + Tn aBageTcda TOYHBIM KBaJIPATOM HATYPaTbHOTO
gqucsta. Pemute 3agaay: a) jgiasg k = 1, 6) aisg k = 2, B) JJisl TPOU3BOJIBHOTO 33JIAHHOTO

HATYPAJbHOTO K.

Omsem. %

Pewerue. IIEPBBIN CIIOCOB. Banumem ycjioBre 331a9d B BHJIE YPABHEHH

n® + Tpn = m? upu mekoropoMm m € N, (1)
O6osnaunm d = HO/(n, Ty), v =2, r= %. Torma aucia d, v, r yIOBJIeTBOPSIOT CUCTEME

d*-v(v+r) =m? upu nexkoropom m € N,
dr = Tka (2)
HOA(v,r) =1< HOA(v,v + 1) = 1.

O6parno, kaxgoe perenne (d, r,v) cucrems (2)) npuBoaut K penrernto ypasuenus ([1)) myrém
3aMeHbl N = dv. DTH 3aMeHbl B3aUMHO OOpaTHBI, T.K. IIPH 3aMeHe N = dV B CHCTEMe
YUCJI0 d OKA3BIBAETCS HAMOOIBIIUM OOIUM JesTuTesieM duces n, Ty, Takum obpaszoM, Mexk Ty
pemenusivu ypasuerus (1)) u cucrems (2)) mumeercst B3aMMHO-0THO3HATHOE COOTBETCTBHE, T.€.

y HUX OJMHAKOBOE KOJMYECTBO PEIIeHUIT.

W3 nepBoro u Tperbero PaBeHCTB CUCTEMbI cJejlyer, 4To KarkJioe u3 4ucesa v,V + 71

ABJIAETCS TOYHBIM KBaApaToM: U = a2, v +r = b?. Orciona caemyer

d(b—a)(b+a) =Tj,

HO/I(a, b) = 1. )

2

Ob6patHo, 11 J100bIX d, a, b, yI0BIeTBOPSIONITX , 3aMena v = a’, r = b>—a® nIpUBOANT

K pelieHnuo CuCTEMbI . T.e. Y 9Tux CuCTeM OJMHAKOBOC KOJIMY€CTBO pe]_[[eHI/IfI.

Haxkonern o603Ha4uM b — a = 1, b+ a = ry. Torna u3 cucTeMsr caeIyer

drirg =T,
172 ks (4)
r < Ty
Mokazkem, uro u3 (4) upu obparnoii samene b = B2 o = 221 cuenyer @) pex-

Jie BCero 4ducja a,b, ompejessieMbie 3TOM 3aMeHOi, HATypaJbHbIE, T.K. I'1, Ty — HEYETHHIE.
[IepBoe paBeHCTBO CHUCTEMBI odeBuaHO. Vcmomw3ys ceoiictBa HO/l u HeuéTHOCTD 71, 19,

nosnyuaem HO/I(a, b)) =HO/(a+b,b) =HOI(r,, %) =HO(ry, 1 +72) =HO(r3,71) = 1.
T.e. y cucrem (@) n (3) oamHaxoBoe KommuecTBO pelIeHHii.

Haiiiém kosimdecTBO perrenuii cucTemMbl . KonnuectBo pasnoxkenuit Ty, wa Tpu MHO-
JKuTeada pasno 3. (Kaxkaprit mpoctoii menuress Ty, MOXKeT BOUTH B OTHO U3 qucen d, r1,7s).

Cpean 3TuxX pasjIoKeHUil ecTh eIMHCTBEHHOE, B KOTOPOM 7| = 7y = 1, BO BCEX OCTAJIbLHBIX

3k—1

r1 # ro. CileoBaTesIbHO TaKuX, rje ry < rz, Oy/leT POBHO LOJ0BHHA, T.e. “

BTOPOU CIIOCOB. Kak u BbiIle, 3aIIHIIeM YCJIOBHE B BUJIE yPABHEHHS

2

n® + Tipn = m? upn nekoropom m € N (5)



Torna
n*+Tn = m? & n* 4T+ T¢ = 4m*+1¢ < T¢ = (2n+T,)*—4m? = (2n—2m~+T}) (2n+2m+T},).
O6o3naunm 2n — 2m + 1, = a, 2n+ 2m + T}, = b. Torna

a<b T:=ab, b>0=a>0. (6)

Urak, u3 Kazk10ro n, yaosaersopsiormero ({5)), momydaercs napa HATYpPaTbHbIX YUCEIT @, b,
VIOBJAETBOPAIONIAL @ ITokazkem, uTo mpu 0OPATHON 3aMeHe U3 KarkJI0# Takoil mapsl a,b
MOJIYYaEeTCA YUCJI0 1 — pelleHne ypaBHeH s . [Iyctb a, b — aBa dncsa, yI0BJIETBOPAIONINX
(6). Tlockonbky ab = T = 1( mod 4), umeem 160 a = b = 1( mod 4) ymbo a = b = 3(
mod 4). B oboux ciydaax a+b = 2 = 2T, ( mod 4). O6parnas 3amMena 3a71a6TCs PABEHCTBOM

RS (7

W3 ckazanHOrO cjepayer, 9To Tak ompeaeaéHHoe ducjo n — ieaoe. VI3 HepaBencrsa a + b >

n =

2V ab = 2T}, cnenyer, ato n > 0, T.e. n € N. [Ipamoii moacTaHOBKO# MOYXKHO IIPOBEPUTH, UTO

— b=a = b—a
J/151 TAKOTO N BBILOJIHEHO pasencTso (b)), ecom m = 7% (U3 a = b( mod 4) cienyer, uro >7*
— nesioe). Hakomer, o 3agannomy npousseaenmio ab = T7 u cymme a+b = 4n+2T), ancna a, b
OJIHO3HAYHO OIPEJIEJSIOTCS, OTKY/IA CJEe/YyeT, 9TO PA3IHIHbIM mapam (a,b) cOOTBETCTBYIOT

Pa3JauvIHbIC T,

Takum oOpa3oM, UMeeTcs B3aUMHO-OHO3HAYHOE COOTBETCTBHE MEXKJLy YUCIAMU N, YIO0-
praeTBopstionuMu ((5)), u mapamu (a, b), yI0BIETBOPSIONIAMA @ Haiiném KommaecTBO TaKIX

uap (a,b).

[ycrs T? = ab — npowW3BOIbHOE pasIokKenne duciaa T Ha aBa MHOKHATe . Kommde-
CTBO TaKUX Pa3/IOyKeHuii paBHO KoJmuecTsy jeauteseit uncaa T2, .e. 3¥. Pasencrso a = b
BO3MOZKHO B €JIMHCTBeHHOM cayuae a = b = Ty, Bo Beex octambubix (3¥ — 1) pasnoxenusx

k_
nMeeM a # b. YesaoBue a < b BBIIIOTHEHO B IIOJOBHHE U3 HOX, T.e. IMEeM S—— HCKOMBIX IIap

2
(a,b).
Kpumepuu.

(-.) Pemén onun u3 nyHKTOB a),0) (IpaBUIbHBI OTBET + MOJTHOE 0GOCHOBAHUE).

(=/+) Pemtenst 06a mynkra a) u 6), BO3MOXKHO Me/IKas BLIYUCINTE/IbHA (HO He JIOTHIeCKas)
omuOKa B MyHKTE 0), HE BIUSIONAS HA MPHHININATILHYIO TPABHIBHOCTD DEITCHHSL.
Ecsiu npu nepeGope B myHKTe 6) YIyIIEH OJUH HJIH HECKOJIBKO CJIydaeB — 9TO JOTHTIe-

cKag ommMbKa, U OIEeHKA He BhIIe (-.)

(+/2) TpaBuabHO perieHbl U MOJHOCTbIO 0OOCHOBAHBI IYHKTHI a),0), MPUYEM DeIeHHe UC-
HOJIb3YeT TOAX0/ (C HOMOIIBI0 PA3IOKEHNs HA MHOXKHTENH), KOTOPbIii MOKeT ObIThH
006001IEH 171 TPOU3BOJIbHOIO k. CraeaHa MonblTKa 0000IIUTE STOT MOAXOI, T.6. HAIlU-
CaHO KJII0YEBOE PA3JIOKEHHE Ha MHOKHATEIN B 00IIEM BHJIE, JAJTBHERITNX TPOIBUKEHU T

HET.

(+/-) Ipononzxenne (+/2): TpaBUJILHO pelieHsl a)0), B MyHKTE B) OTIETIUBO CHOPMYIHPO-
BAHO CBEJIEHHE 33/1a91 K KOMOMHATOPHKE, T.€. CKA3aHO: KOJHIECTBO HCKOMBIX THCET 1
PABHO KOJIMIECTBY PA3JIOKEHUH TAKOTO-TO THCJIA HA TAKHE-TO MHOKHTEH ¢ TAKIME-TO

YCJOBUSIMU.



(+.) Iyukr B) perién (mpebsBIeH MPABUIBHBIA OTBET), HO ¢ HeGOJIBIIUMU TPOOETAMHU B
obocropannu. Hampumep e 1oKa3aHa B3aWMHAs OJHO3HAYHOCTH MHOYKECTB DeIeHuUil

Ipu cBeJeHuu 3aJa49u K KOM6I/IHaTOpI/IK€.

(+) Perén myHKT B) ¢ mOJTHBIM 06OCHOBAHHEM BCEX TAT0B, BKIIOYasT B3AHMHO-0THO3HAYHBIE

COOTBETCTBHA ME2K1Y MHOXKECTBaMHA peﬂleHI/Iﬁ PA3JINIHBIX IIOJIY HaIOIUXCA ypaBHeHI/Iﬁ.



6. B npocrpancrse jganbl 270 1mapoB paBHBIX PaJIMyCOB, JIIOObIE JBa M3 KOTOPHIX Iepece-
Katorcd. Jlokaxkure, 94TO cpejl HUX MOYKHO BhIOpaTh 10 1apoB Tak, 9To HailiéTcs TOUYKA,

IIPUHA/JTeZKAIAs BCeM BBIOPDAHHDBIM IIAapaM.

Pewenue. IEPBBII CITOCOB. IlyeTs paamychl mapos paBHBL 1 (04eBHIHO, KOHKpeT-

HOE 3HAYEHHE DAJ[MyCOB He BJMseT Ha perieHue). BoibepeM ojuH U3 HUX, MyCTh €r0 MEHTD
O. Torga meHTPHI BCEX OCTAAbHBIX IMapoB HaxomATcs or () Ha PACCTOSHUH He OOJbIle 2, a
3Ha4IuT paccrosguue or O 10 J0boit Touky JT0b0ro mapa He bosbire 3. MTak, Bce 270 mapon
HaXOJIATCS BHYTPH Iapa pajuyca 3 ¢ meaTpoM B Touke O. Ilycth V' — 06bEM 9T0T0 H0.IBIIO-
ro mapa, v — 00béMbl maHubIxX 270 mapos. Cornacuo npunnuny Jlupuxie ecan 270 mapon
obruM 0obéMoM 270v momerenbl BHYTpH 1mapa odbémoM V| To Haiiaérca Todka, npuHa/l-

JesKaIas He MeHee deM %% mapam. [10CKOIBKY 00bEM TIPOHOPIIOHAIEH KyOy pajuyca, TO

1%
270v __ 270 __
v = 5 = 10.

BTOPOI CIIOCOB. Msl gokaskeMm 6ojiee CHIIBHYIO OIEHKY, a MMEHHO, 9TO HAMIETCs

TOYKa, NpuHaIexKamada 34 mapam. [lycts paauycsl mapos pasubl 1. [lepedpopmynupyem
3ajady: ganbl 270 Toyek (IEeHTPOB MAPOB), PACCTOSHUE MeKJTY JIOOBIME IBYMS U3 KOTOPHIX
He Oosbirte 2. Jlokazarh, 94T0 HaMAETCs map pajuyca 1, cojgepxKkaiinii He MeHee 34 U3 3THUX

TOYECK.

[HenTpbl Bcex mapoB MOXKHO IOMECTUTH BHYTPb Kyba co croponoit 2. /leilicrBure/ibHo,
MPOBEEM JIBE TIOCKOCTH, MEYKTY KOTOPBIME PACIIOIOXKEHBI BCE PACCMATPUBAEMbIE TOUKH, 1
OyaeM "cIBUraTh’ 9TH IJIOCKOCTHU MapaJlebHO CAMUM cebe, 70 TeX IOop, IIOKA 3TO BO3MOYKHO
(T.e. IOKA BCe TOUKY OYLYyT HAXOUTHCS MEZKILY STUMHU IJIOCKOCTAMHE ). B KpaifHeM mo1oxKeHun
KazK/1ask U3 IJIOCKOCTeH MPORIET depe3 OJHy U3 TOUYEK, & PACCTOSIHUE MEXKY ILIOCKOCTSIMU
Oyzner He Gosbiie 2 (T.K. PACCTOSTHHE MeXKJY ILUIOCKOCTSIME He GOJIbIe OTpe3Ka ¢ KOHIAMHI

Ha 9THUX TIOCKOCTSIX ).

AnajIornaHO TPOBEAEM JBE JPYTHE ILIOCKOCTH, MEPIEHUKY/ISIPHbIE TaHHBIM, U TPETHIO
napy IJIOCKOCTEH, MepIeHIUKYJIAPHYI0 BCeM ITPOBeAEHHbIM. [ToyduM mpsaMOyTro/ibHbIN I1a-
pasuienenumne; ¢ pédpamMu He Gosiblie 2, BHYTPU KOTOPOro cojepzkarcd Bce 270 Todek —
IEHTPOB MapoB. B ¢BoIo ouepenb 3TOT mapaJjieaenunel MOKHO TIOMUCTATH B KyO ¢ pebpom
2.

Pazoobém monyunpmuiica kyd Ha 8 Kyoukon ¢ péopamu 1. Ilo npuaiuny JIupuxie xors

OBl B OJIHOM U3 HUX COJIEPKUTCS HE MeHee Qgﬂ > 33 Touexk, T.e. XoTd 661 34 Touku. /luaronasn

KazKJIOr0 TAKOTO KYOHKa paBHA /3 < 2, 3HAYHT PaIUyC ero OmucamHnoii cdepol (paBHBIit
[OJIOBUHE Juaronasn) Menbine 1. CiienoBaTebHO MEHTP 9TOro KyOUKa YAAJEH OT KayKIoi
n3 34 yKa3aHHBIX TOUEK Ha PAacCTOAHWE MeHbIe 1, a 3HAYUT MPUHAIEKAT KayKJIoMy u3 34

o1apoB € HEHTPpaMMU B 9TUX TOYKaX

Kpumepuu.

(=) Pemmenusi, B KOTOpHIX yTBepzKAaeTCs, 9T0 Bee 270 MApoB UMEIOT OBIIYI0 TOUYKY.
[TonbITKY A0Ka3aTh YTBEPZKAEHHE ¢ MOMOIIDIO IIPOCKTHPOBAHMS MIAPOB.
[TonbITKM MOCYNTATH KOJMYECTBO IIEPECeYeHUl MapoB N TOYEK IIePECeYeHus.
Pa3bop gacTHbIX Ciy4aes.

Jloka3aTebCTBO TOTO, YTO IEHTPHI BCEX IMIAPOB JIeKaT B IIape pajauyca 2r.



(=) HonbiTku ucnonb3oBarh npusnun Jupuxie (mogcaer o0beMOB, HOACYET KOJIHIECTBA

[EHTPOB B ONpPEJIEJeHHBIX KYCKaX MPOCTPAHCTBA),
UAU
Jloka3aTe/ibcTBO TOrO, UTO BCE IAPhI TOJHOCTHIO JIEKAT B Iape pajauyca 3r.

(=/+) O urOBpeMeHHOE BBIOJHEHUE JABYX YCJIOBUI, IEPEUUCICHHBIX B (-.), 63 CBS3H MeXK/Iy
co0oii.

(+.) Heacno odopmiennsrit npunnun Inpuxe,

UAU
Perrenue, ncnoap3yiomee (pakT TOTO, 9TO BCE MAPHI JIeKAT B MIape PAIyca 31, OIHAKO

JIOKA3aTeJIbCTBO 3TOr0 (PaKTa OTCYTCTBYET.

(+) Ilomnoe perenue Ge3 CepbE3HBIX HETOTETOB.



